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In solving boundary values problems for elliptic partial differential equations 
using numerical methods, the results proved about the convergence of the 
numerical approximation to the exact solution frequently depend on the 
differentiability properties of the unknown solution. In the case of the first 
boundary value problem for the differential equation 
Au =f(x,y) (1) 
with zero boundary values, it is usually assumed that the solution has derivatives 
of order four which are continuous up to the boundary. (See e.g. [q). If the 
boundary andf(.r, y) are sufficiently smooth, then the solution will be smooth [l]. 
If the boundary contains a corner, this may not be true. Simple examples indicate 
that when the boundary contains corners, the solution may not have a first 
derivative continuous up to the boundary even for infinitely differentiable 
fc%Y). 
DEFINITION. We say that f (x, y) E C,,(G), m > 0 an integer and 0 < OL < 1 
if f (x, y) is M times continuously differentiable in G and all its derivatives of 
order ~lt satisfy in G a Hiilder condition with exponent 0~. 
Nikolskii [I l] gave necessary and sufficient conditions for the solution of the 
Dirichlet problem for the Laplace equation on a rectangle G to belong to 
C m+n+a(G). These conditions are that the boundary function on each side 
separately belongs to C,,,+zt, and that the derivatives of the boundary function 
satisfy at the corners certain adjoint conditions. Also for a rectangle, Volkov [13] 
generalized these results to the case of a Poisson equation with nonhomogeneous 
boundary conditions. In the same article, Volkov studied more general boundary 
value problems. In [14] Volkov studied the Laplace equation in a domain with 
angles n/q on the boundary q = 2, 3,.... Fufaev [SJ announced, without proof that 
if the angle w on the boundary is not of the form n/q, then the smaller the angle, 
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the smoother the solution of the Dirichlet problem for the Laplace equation 
His result is as follows: If the boundary function belongs to C,,,+e+a on the open 
arcs of the boundary and is continuous on the whole boundary, and if T,‘W ::A 
m + 2 + OL, then the solution belongs to C nl+Z+a(G). This result was proved and 
generalized by the author [2] to the case of the elliptic equation 
with nonhomogeneous boundary conditions. See also [4], [15]. Kondratev 
[8-IO] has studied general boundary value problems for equation (2) in some 
special Sobolev spaces. In this paper we consider the first boundary value 
problem for the equation 
Au -t a@, y) u, + & y) u, + ~(4 Y) u =f(? Y) (3) 
with nonhomogeneous boundary condition. Let G be a domain whose boundary 
I’ consists of a simple closed curve which is smooth of class Cnl+sta except at the 
point 0 where it has finite straight line segments forming at 0 an angle w = n,/q; 
q >, 2 is an integer. 
THEOREM 1. Suppose that the coeficients and the right hand side of (3) 
belong to Cn,+o(c), and that the boundary function q5 is continuous on r and belongs to 
C m+z+a(r\CW Then 4x, Y) E Cm+z+a(c). 
From [l] it follows that u E C,+,+,(G,), where G1 is any compact subdomain 
of G with positive distance from the corner 0. Thus in order to prove the theorem 
it is sufficient to prove that u E Cm+z+a(o), where Q C G IS a sector with vertex at 
0. For simplicity we assume that Q is bounded by the straight lines r,: x := 0 
and r,: y = x cot w and by the circular arc Y = Y,, . We shall adopt the following 
notation. 
2. g:)(x) y) and gz’(r, y) are the directional derivatives of order r > 0 of 
g(.y,y) in the directions of r, and r, respectively. 
We first prove the following theorem: 
THEOREM 2. Consider in the sector Q the first boundary oalue problewl 
Au == f(.v, y) (5) 
u IT‘” = $(y); where y _ (x2 +yy. (6) 
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The necessary and su$icient conditions for the solution of problem (5)-(6) to 
belong to C,+,+,(sZ) are: 
(9 f (x9 Y> E cm+&3 
(4 9W) = W) 
(iii) 
x sinP ~f(P-*-*k.l,O-P+*P)(O,O) 
(7) 
v = 1, 2,..., 
[ 
m-kZ+cw. 1 !? . 
For simplicity we write the compatibility condition (7) in the form 
p(0) = (-l)“&+(O) + Lf. (7)’ 
The necessity of conditions (i) and (ii) is obvious. To prove the necessity of 
condition (iii), we notice that 
u(Y~)(x, y) = f (:) cosyQ--p u sin’ w ~4(~‘~-‘)(x, y) w 
p=o 
and from equation (5) we obtain 
uyx, y) = cosvQ w zd”-vq)(x, y) + (‘;“) COS”~-~ w sin w u(~,“~-~)(.Y., y) 
+ if (J 
[(P-e) 121 
cosyQ--1’ w sinP w 
[ 
z. (_ 1)” f l~-2-2k.vo-Mc)(*, y) 
9=2 
+ (-l)[P/21 Ucp-2rp/2l.~a-P+*[p/*l) 
(x, Y)] 
= u(O.vO)(x, y) ‘“?I (- l)P (l:) cosvQ-*P w sin*” w 
p=o 
+ fJ(l-yQ-l)(X,y) r"~l(-l)Ppl (2p" 1) cos~O-*9+1 w si*l*P-1 w + Lf. 
p=1 
Substituting x =y = 0, and by virtue of the identity 
we obtain (7)‘. 
(cos w + i sin w>YP = (- 1) 
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To prove the sufficiency of the conditions, we continue the solution by sym- 
metry across the boundary r,, . Th is will make some derivatives discontinuous 
at this boundary. These discontinuities are removed by adding a suitable 
function (constructed in Lemma 2). The new boundary functions and right 
hand side of the equation are then shown to satisfy the compatibility condition 
(7)‘. Since the original sector has angle OJ = r/q, by repeating this process 
the domain can be extended until the angle is r, with the boundary function 
belonging to Clr,+z+n . 
We first prove 
LEMMA I. By the funcfion f(x, y) E Cm+,(~), we can construct functions 
f ,*(x, y), p = 0, 1, . . . , m, defined on the whole plane and having the properties 
I. f,*(O, 2’) = g (0, ?% 0 < y .<, Yg , 
II. f&x, y) = fJyx, ?‘), 
111. f,*(.~, .?9 E CHr--l,+a(Qh 
Proof. For simplicity we prove the lemma only for p = 0, the same proof 
can be used for p = 1, 2,..., m. Consider an averaging kernel K(t) E C, , 
--CD < t < co, with the properties 
(a) K(t)‘~Oif/fl~l,K(t)--Oif/tl31, 
(b) K(t) is an even function, 
(c) s:, K(t) dt = 1. 
Setting f (s, J) = 0 if (X, J) $8, we define f *(x, y) = f t(?s, y) as follows 
f*(x, y) = lx K(t)f(O, y - xt) dt. 
---?r 
Setting T = y - xt, f *(x, _y) may be also expressed by 
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Using the mean value theorem, we obtain from (8) 
where t,, E [-I, 11. Letting x tend to zero we obtain property I. Changing t 
to -t in (8), and noting that K(t) is even, we obtain property II. It is clear that 
f *lx, Y) E C&9, for 
I f *(xl 3 n) - f *(x2 , rd < f;l K(t) I f(O, yl- x4 - f(O, yz - 41 dt 
< W(Xl - x212 + (Yl - y2)2142, 
and for any K < m, we have 
w*(X,Y) = m 
a~5ap s --03 t--t)" K(t) -$f(O, Y - 4 dt 
and this may be shown as before to belong to C,(@. This proves property III. 
(10) may be written as 
which, after integrating by parts K times, gives 
As before this may be shown to belong to C,,&@. Property IV follows since 
ai-i . 
f xz axslay B ( 
aif*(X,~) = * BKXK aY* 
ah ayb 1 c x=j &qz- 
From (10) we obtain 
a2y *(x9 Y) 1 
ax2ezf ay2f = f -l 
t2’-2fK(t) -$(O, y - xt) dt 
= -&f(O, y - xt,) j-;l t-%(t) dt 
= 4-f Pf(O, Y - x&J 
d+ ’ 
409/75/2-10 
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where to E [- 1, l] and OL, = lil t2”K(t) dt > 0. Letting x -+ 0 we obtain 
azKf “(0, Y) azKf(o, Y)
axa+ai ay2 = %-i ayZK * 
From this, property V follows with A,0 = aKel/ol, , 0 < A,0 < 1. Thus the 
lemma is proved. 
We now obtain 
LEMMA 2. There exist functions gD(x, y) E Cm+2+or(o), p = 0, l,..., m with the 
property that 
4,(x, Y) = “pf (p*o)(o, Y) + o(xrn), 
P! 
ObyBro. 
Proof. We construct g,(x, y) as follows 
bnl21 
gp(x,y) = c aKPxP+2+2K a22;(y) , 
K=o 
where sop = (l/(p + 2)!). It is clear that g,(x, y) E Cm+2+n(@. We find the 
coefficients alzP by induction. We first find alp. 
2x”+’ af * 
4,(X,Y) = $fisY) +(@q-q+ +& (g + q) 
+alp[(p+4)(p+3)xgf2~+~~~] 
h/PI 
+A c 
KG2 
aKPxP+2+2K !I?& . 
Expanding the functions involved and using the properties of f ,*(x, y) we 
obtain 
A&, Y) 
= $ [f(P.O)(O, y) + g “yp) + . ..I + & [x “~{$Y) + . ..I 
xP+2 
+- (p + 2)! [ 
wc4 Y) + A,p a%$y Y) + . ,.I 
*q2 
+ alp 
1 
(p + 4) (p +- 3) xp+2 “i$ ‘) + ...I 
hi21 
+A c 
Ff* aKPXP+2+2K --A?- . 
IF2 a.+ 
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We choose alp such that the coefficient of xPf2 vanishes. Suppose now that 
p alp, azp,..., a,-, are already found such that the coefficients of xnfzK, K = 1, 2,..., 
s - 1 vanish. Then AgJx, y) may be written as 
dg,(x, y) = ~f’“*“‘(O, y) + cdsxP’-2S 3’7; (0, Y) ax28 
[m /nl 
a2xYx~ Y) + O(xp+2J+2) + A C aMP.xP+2+2K ax2K , 
lc=s 
where 0~~ depends on alp, a2p,..., afpl . Choosing 
the coefficient of xPfzs will vanish. 
This proves the lemma. 
We now complete the proof of Theorem 2. In A? we define the function 
qx, y) E Cm+2+a(Q as follows 
@CT Y) = 4(Y), where 4(y) is defined in (6). 
The function V(X, y) = U(X, y) - @(x, y) satisfies in Q the Dirichlet problem 
Lb = fl(X, Y) = f(X, Y) - AD 
v Ir, = $1 = # - @‘, v lj-, = r$l = 0. 
The functionsf, , q$ and I/& satisfy the compatibility conditions (7)‘, since for 
any function h(x, y) E C,+,+,(Q) we can prove that 
L(dh) = lp(O, 0) + (-l)‘+l /PqO, 0). (11) 
Thus to prove the theorem, it is suffient to consider the problem 
Au = AX, Y), 
u Ii-, = 94 24 Ii-, = 0, 
where f and # satisfy the compatibility condition 
I&Q’(O) = Lf. 
Consider the function g(x, y) E Cm+,+d(~) given by 
& Y) = pEo g&, Y), 
(12) 
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where g&c, y) are the functions constructed in Lemma 2. Now 
dg(x, y) = f JCPf(,*O)(O, y) + 0(x”). 
p=0 P! 
Consider the function X(X, y) = U(X, y) - g(x, y). This function satisfies in Q 
the Dirichlet problem 
Aw = h(x, y) = f(X, Y) - 4&G Y)> 
z’ Ii-, = $1 = * - .!f, w Jr, = 0. 
From (11) it follows that 
L(dg) = g:yqo, 0) + (- l)y+l g’O’fl’(o, O), 
but since g(x, y) = 0(x2), we have g(O*“Q)(O, 0) = 0, and 
&y(O) - gpyo, 0) = L(f - Llg). 
i.e. h(x, y) and I/Q satisfy the compatibility condition (12), which may now be 
written in the form 
Q’(0) = 0, v = 0, I,..., 
[ 
m-l-w-a 
4 1 (13) 
since h(x, y) = o(xm) and Lh = 0. 
Consider now the sector 9, bounded by the two straight lines r,: y = x cot w 
and C,: y = --x cot w, y > 0 and the arc I = Y, . In Q1 we define the 
functions %(x, y) and fi(x, y) as follows 
Ul(X, Y) = I ,4x, Y> 
if (X,Y) EQ 
-+-x9 Y) if (x,y)$Q 
fl@, y) = pg., y) if 
(X,Y) EQ 
(x, y) .$Q. 
In Ql , u&, Y) E C2 and fl(xI Y) E Cm+.@d and 
4 = fl(% Yh 
ullrw = $1(x* Y), 211 Ir-w = 41(x, Y>l 
where 4&, Y) = +,4(-x, Y). 
Rotating the axes by angle w, we find in the domain 52, bounded by the 
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straight lines I’,: E = 0 and r aw: 7 = 5 cot 2u and by the arc r = r,, , that the 
function u,(t,7) = r&, y) satisfies the Dirichlet problem 
Au, = fi(f, 71, (14) 
u2 Ii-, = d2(d, u2 Ir,, = $2 3 (15) 
where f2(5, 7) =f& Y>, sM7) = 41(x, Y) and #2(5,7) = v&(x9 Y> and 
($2)2) (0) = kbP) (0) = 0, v = 0, l,..., 1 
m-+2+a 
Q 1 (16) 
Problem (14)-( 15) in Q, is the same as (9-O) in Q, with the angle doubled. 
If 4 = 2, 52, will be a semi-circle with the boundary function on the diameter 
belonging to Cm+atu . Thus from [I] it follows that u,(t, 7) E Cm+2+a(~~), where 
szj is the semi-circle with radius Y; < Y,, , and thus u(x, y) E C,n+2+,(o). If q > 2, 
we can continue this process until the angle becomes m. 
This proves Theorem 2. 
We now prove Theorem 1. 
From [2], it follows that, if q > m + 2 + OL, then in Theorem 1 the solution 
u(x, y) E C,+2+,(D), while if 4 < m + 2 + a then u E C,-Jo), where E > 0 is 
arbitrary. We write equation (3) in the form 
Au = h(x, y) = f - cu - bu, - au, . (17) 
Since 4 > 2, we have u E C1+Jo) and it follows that h(x, y) E C,(a). Using 
Theorem 2, we obtain u E C2+@). Substituting u E C2+a(@ in h(x, y), we 
obtain h(x, y) E C,+a(a) and Theorem 2 gives u E C,,, . Repeating this process 
we can prove that u E C,+,+,(~). 
This proves the theorem. 
Remark. If there are several corners on the boundary with angles wi , 
i = I,2 ,..., then u E C,+,+,(G,), where G1 is a compact subdomain of G with 
positive distance from the corners. In the neighbourhood of the ith corner, 
u E G,,,, if n/wi > m + 2 + a or if rr/wi is an integer. Otherwise u E Cmcu --E , * 1 
where ci > 0 are arbitrary. 
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